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A WALLIS PRODUCT ON CLOVERS
TREVOR HYDE
1. Introduction
The Wallis product is a well-known infinite product expression for π by rational
factors derived by John Wallis in his 1655 treatise [6].
π = 4 · 2 · 4
3 · 3 ·
4 · 6
5 · 5 ·
6 · 8
7 · 7 ·
8 · 10
9 · 9 · · ·
= 4
∞∏
n=1
2n(2n+ 2)
(2n+ 1)2
.(1.1)
One proof of (1.1) proceeds by considering the sequence of definite integrals
I(n) =
∫ π
0
sin(x)n dx,
and computing the limit of I(n + 1)/I(n) in two different ways. See [1] for an
excellent exposition of this argument. Let {̟m} be the sequence of real numbers
defined by
(1.2) ̟m = 2
∫ 1
0
dt√
1− tm .
Observe that ̟2 = π. The goal of this paper is to prove the generalized Wallis
product formula
(1.3) ̟m =
2(m+ 2)
m
∞∏
n=1
2n(2mn+m+ 2)
(2n+ 1)(2mn+ 2)
.
In Section 2 we recall the theory of clover curves introduced in [4] where we realize
̟m as an arc length on the m-clover. Our proof generalizes the definite integral
approach by considering the sequence of definite integrals
Im(n) =
∫ ̟m
0
ϕm(x)
n dx,
where ϕm(x) is the m-clover function to be defined in Section 2, and computing
the limit of Im(n+ 1)/Im(n) in two different ways.
Date: July 13, 2018.
Key words and phrases. lemniscate, Wallis product, Pi.
1
2 TREVOR HYDE
2. Clovers
For natural m we define the m-clover to be the locus of the polar equation
rm/2 = cos(m2 θ).
Examples of m-clovers are displayed in Figure 1 for small m. The m-clover has m
leaves for m odd and m2 leaves for m even. The principal leaf is defined as the
points on the m-clover satisfying (r, θ) ∈ [0, 1]× [− πm , πm ].
(a) Cardioid (b) Circle (c) Clover (d) Lemniscate
Figure 1. m-clovers for m = 1, 2, 3, 4
Consider the polar arc length integral for a segment of the principal leaf in the
upper-half plane beginning at the origin and terminating at the unique point with
radial component r ∈ [0, 1],
(2.1) lm(r) =
∫ r
0
dt√
1− tm .
1
Hence, the constant defined in (1.2)
̟m = 2
∫ 1
0
dt√
1− tm = 2lm(1)
denotes the arc length of the m-clover’s principal leaf. The integrals (2.1) almost
never have closed forms in elementary functions. One exception is the case m = 2
where we have
(2.2) l2(r) =
∫ 2
0
dt√
1− t2 = sin
−1(r).
Thus, l−12 (x) = sin(x) is a natural function to consider. Motivated by this example
we define the m-clover function ϕm(x) for x ∈ [0, 12̟m] by
ϕm(x) = r if lm(r) = x.
That is, define ϕm as the inverse of the arc length integral (2.1).
1See [4, Prop. 1] for a derivation of (2.1) from the definition of an arc length integral in polar
coordinates.
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Figure 2. Principal leaf of the m-clover.
We extend the domain of ϕm to [0, ̟m] via the functional equation
ϕm(̟m − x) = ϕm(x).
Using one-sided derivatives at 0 and ̟m, ϕm(x) is differentiable on [0, ̟m] by
the fundamental theorem of calculus. Geometrically, given x ∈ [0, ̟m], there is a
unique point Px = (r, θ) at an arc distance x along the principal leaf; ϕm(x) = r
denotes the radial component of the point Px. In our proof of the generalized
Wallis product, the function ϕm(x) plays the role of sin(x) in the proof of the
original product in the sense that we shall consider the sequence of integrals
Im(n) =
∫ ̟m
0
ϕm(x)
n dx.
Remark 2.1. For m = 2, the m-clover is the circle r = cos(θ) with ϕ2(x) = sin(x)
and ̟2 = π. The symbol ̟ is a variant on the Greek letter π. Thus, our use of this
notation reflects the sense in which ̟m is a generalization of π. When m = 4, the
m-clover is the lemniscate r2 = cos(2θ) and ϕm(x) is Abel’s lemniscate function.
The number
̟4 = 2.6220575549 . . .
is known as the lemniscate constant. More information on the lemniscate, including
its connections to number theory, may be found in [2], [3, Chp. 15], and [5].
Proposition 2.2. Let ϕm(x) be the m-clover function. Then for all x ∈ [0, ̟m]
(1) ϕm(x)
m + ϕ′m(x)
2 = 1, and
(2) ϕm(x)
m−1 = − 2mϕ′′m(x).
Proof. From the definition of ϕm(x) we have
(2.3) x =
∫ ϕm(x)
0
dt√
1− tm ,
4 TREVOR HYDE
valid for all x ∈ [0, ̟m]. Implicitly differentiating (2.3) gives
ϕ′m(x)√
1− ϕm(x)m
= 1
ϕ′m(x)
2 = 1− ϕm(x)m.(2.4)
Rearranging (2.4) results in (1),
ϕm(x)
m + ϕ′m(x)
2 = 1.(2.5)
Differentiating (2.5) yields (2)
mϕm(x)
m−1ϕ′m(x) + 2ϕ
′
m(x)ϕ
′′
m(x) = 0
ϕm(x)
m−1 = − 2mϕ′′m(x). 
Proposition 2.2 (1) should be viewed as the m-clover version of the Pythagorean
identity
(2.6) sin(x)2 + cos(x)2 = 1.
In light of Remark 2.1, (2.6) corresponds to the special case m = 2. Analogies
between ϕ2(x) = sin(x) and ϕ4(x) have been explored since the introduction of
ϕ4(x) by Gauss and Abel. Abel’s investigations produced his famous result char-
acterizing the division points of the lemniscate constructible by ruler and compass
in parallel with Gauss’ characterization on the circle. Cox and Shurman extend
the constructibility results to the 3-clover in [4] where they introduce the m-clover
theory outlined above.
3. A Sequence of Integrals
For a natural number m and an integer n ≥ 0, we define
Im(n) =
∫ ̟m
0
ϕm(x)
n dx.(3.1)
Each integral is finite and positive. Note that when m = 2, {I2(n)} reduces to
the sequence of definite integrals stated in the introduction. Our first task is to
establish a recursive relation among the elements of {Im(n)}.
Lemma 3.1. For all natural m and integral n ≥ 0,
Im(n+m)
Im(n)
=
2(n+ 1)
2(n+ 1) +m
.(3.2)
Proof. Our strategy is to transform Im(n+m) with integration by parts. Let
u = ϕm(x)
n+1
dv = ϕm(x)
m−1 dx,
then Proposition 2.2(2) implies
du = (n+ 1)ϕm(x)
nϕ′m(x) dx
v = − 2mϕ′m(x).
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x ϕm(x) ϕ
′
m(x)
0 0 1
1
2̟m 1 0
̟m 0 −1
Table 1. Important Values of ϕm and ϕ
′
m.
Thus,
Im(n+m) =
∫ ̟m
0
ϕm(x)
n+m dx
= − 2mϕm(x)n+1ϕ′m(x)
∣∣̟m
0
+ 2(n+1)m
∫ ̟m
0
ϕm(x)
nϕ′m(x)
2 dx
= 2(n+1)m
∫ ̟m
0
ϕm(x)
nϕ′m(x)
2 dx Table 1
= 2(n+1)m
∫ ̟m
0
ϕm(x)
n(1 − ϕm(x)m) dx Prop. 2.2(1)
= 2(n+1)m
(∫ ̟m
0
ϕm(x)
n dx−
∫ ̟m
0
ϕm(x)
n+m dx
)
= 2(n+1)m (Im(n)− Im(n+m))(3.3)
Rearranging (3.3) leads to (3.2),
Im(n+m)
Im(n)
=
2(n+ 1)
2(n+ 1) +m
. 
Our next lemma demonstrates that {Im(n)} is a decreasing sequence.
Lemma 3.2. For any natural number m, if n1 ≥ n2 ≥ 0 then Im(n1) ≤ Im(n2).
Proof. For x ∈ [0, ̟m] we have ϕm(x) ∈ [0, 1]. Therefore, n1 ≥ n2 ≥ 0 implies that
ϕm(x)
n1 ≤ ϕm(x)n2 , and consequently Im(n1) ≤ Im(n2). 
It follows immediately from Lemma 3.2 that Im(n) ≥ Im(n + 1) ≥ Im(n +m).
Dividing through by Im(n),
1 ≥ Im(n+ 1)
Im(n)
≥ Im(n+m)
Im(n)
(3.2)
=
2(n+ 1)
2(n+ 1) +m
.
As n tends toward infinity, the squeeze theorem implies
(3.4) lim
n→∞
Im(n)
Im(n+ 1)
= 1.
Next we compute the limit (3.4) in another way using initial values of Im(n) and
the recurrence (3.2). When n = 0,
Im(0) =
∫ ̟m
0
1 dx = ̟m.
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Hence Im(m) =
2
m+2Im(0) =
2
m+2̟m. When n = m− 1, we use Proposition 2.2(2)
and Table 1 to compute
Im(m− 1) =
∫ ̟m
0
ϕm(x)
m−1 dx
= − 2m
∫ ̟m
0
ϕ′′m(x) dx
= − 2mϕ′m(x)
∣∣̟m
0
= 4m .
n 0 m− 1 m
Im(n) ̟m
4
m
2
m+2̟m
Table 2. Initial Values of Im(n).
Combining the initial values listed in Table 2 and (3.2) allow us to give explicit
formulae for Im(mn) and Im(mn−1). The formulae include products over all natu-
ral numbers in a congruence class up to a specified bound, for which the author has
found no suitable notation.2 Thus, we introduce the congruence Gamma function,
defined recursively by
Γm(1, 0) = 1,(3.5)
Γm(0, k) = 1,(3.6)
Γm(n+ 1, k) = (mn+ k)Γm(n, k).(3.7)
For our purposes we will always assumem and n to be natural numbers and 0 ≤ k <
m an integer. To summarize, Γm(n, k) is the product over the congruence class of
k mod m between 1 andmn. Whenm = 1 we have Γ1(n, 0) = Γ(n) = (n−1)!, where
Γ(n) is the usual gamma function. The characteristic identity Γ(x + 1) = xΓ(x)
and a simple inductive argument lead to the expression
Γm(n, k) =
Γ(n+ km )
mnΓ( km )
.(3.8)
The following lemma establishes recursive formulae for Im(mn) and Im(mn− 1)
in terms of the congruence Gamma function.
Lemma 3.3. Let m and n be natural numbers, then
(1) Im(mn) =
Γ2m(n,2)
Γ2m(n,m+2)
̟m,
(2) Im(mn− 1) = Γ2(n,0)Γ2(n,1) 4m .
Proof. Both identities follow by induction on n. The base case n = 1 is a conse-
quence of the initial values listed in Table 2.
(1) Im(m) =
2
m+2̟m =
Γ2m(1,2)
Γ2m(1,m+2)
̟m,
(2) Im(m− 1) = 4m = Γ2(1,0)Γ2(1,1) 4m .
2One candidate notation is the multifactorial, denoted n!(k) = n · (n− k)!(k) when n ≥ k and
1 otherwise. However, the exponent introduces more clutter and the notation does not allow us
to emphasize a fixed modulus as clearly.
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Assuming the inductive hypothesis,
(1) Im(m(n+ 1))
(3.2)
= 2(mn+1)2(mn+1)+mIm(mn) =
(2mn+2)Γ2m(n,2)
(2mn+m+2)Γ2m(n,m+2)
̟m
(3.7)
= Γ2m(n+1,2)Γ2m(n+1,m+2)̟m.
(2) Im(m(n+ 1)− 1) (3.2)= 2mn2mn+mIm(mn− 1) = 2nΓ2(n,0)(2n+1)Γ2(n,1) 4m
(3.7)
= Γ2(n+1,0)Γ2(n+1,1)
4
m .
Therefore the formulae hold for all n by the principle of induction. 
Theorem 3.4. For all natural m,
(3.9) ̟m = lim
n→∞
Γ2(n, 0)Γ2m(n,m+ 2)
Γ2(n, 1)Γ2m(n, 2)
4
m
.
Proof. From Lemma 3.3 we have
Im(mn− 1)
Im(mn)
=
Γ2(n, 0)Γ2m(n,m+ 2)
Γ2(n, 1)Γ2m(n, 2)
4
m̟m
.
Taking the limit as n→∞ we have limn→∞ Im(mn−1)Im(mn) = 1 by (3.4). Therefore,
(3.10) 1 = lim
n→∞
Im(mn− 1)
Im(mn)
= lim
n→∞
Γ2(n, 0)Γ2m(n,m+ 2)
Γ2(n, 1)Γ2m(n, 2)
4
m̟m
.
Multiplying (3.10) by ̟m results in (3.9). 
Unwrapping the definition of Γm(n, k) reveals the infinite product expression
promised in the introduction,
̟m =
2(m+ 2)
m
∞∏
n=1
2n(2mn+m+ 2)
(2n+ 1)(2mn+ 2)
.
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